Abstract. A group G is called co-Dedekindian if every subgroup of G is invariant under all central automorphisms of G. In this paper we give some necessary conditions for certain finite p-groups with non-cyclic abelian second centre to be coDedekindian. We also classify 3-generator co-Dedekindian finite p-groups which are of class 3, having non-cyclic abelian second centre with j 1 ðG p Þj ¼ p.
1. Introduction. Let G be a group, and let ZðGÞ denote the centre of G. An automorphism of G is called central if x À1 ðxÞ 2 ZðGÞ for each x 2 G. The set of all central automorphisms of G, denoted by Aut c ðGÞ, is a normal subgroup of the full automorphism group of G. A group G is called co-Dedekindian (C -group for short) if every subgroup of G is invariant under all central automorphisms of G. In [1] , Deaconescu and Silberberg give a Dedekind-like structure theorem for the non-nilpotent C -groups with trivial Frattini subgroup and by reducing the finite nilpotent C -groups to the case of p-groups they obtain the following theorem. Theorem 1.1. Let G be a p-group. If G is a non-abelian C -group, then Z 2 ðGÞ is a Dedekindian group. If Z 2 ðGÞ is non-abelian, then G ffi Q 8 . If Z 2 ðGÞ is cyclic, then G ffi Q 2 n , n ! 4, where Q 2 n is the generalized quaternion group of order 2 n .
In [1] , the authors notice that non-abelian p-groups with abelian non-cyclic second centre and which are C -groups do exist. They show that if G is a non-abelian C -group of order p 4 , with Z 2 ðGÞ abelian and non-cyclic, then p ¼ 3 and 3-generator C -groups G satisfying these conditions with the additional condition c'ðGÞ ¼ 3.
Finally we show that given any natural number m ! 3, there is a 2-group with abelian non-cyclic second centre which is a C -group of class m.
Our notation is standard. We refer in particular to [6] .
2. General results. In this section we first give some results that will be used later. Throughout the paper G will stand for a finite non-abelian p-group. Proof. Let M be any maximal subgroup of G and let u be an element of order p in ZðGÞ and x 6 2 M. By considering the central automorphism defined in the proof of Lemma 2.1(i), we have ðxÞ ¼ xu. Since G is a C -group, u 2 hxi. Hence j 1 ðZðGÞÞj ¼ p, from which we conclude that ZðGÞ is cyclic. Next we let g be an element of GnðF [ ZðGÞÞ. Since G is a C -group and g 6 2 F, there is an l 2 N such that g The following result will be used throughout the sequel.
Lemma 2.5. Let G be a metabelian group. If x; y are elements of G and n 2 N, then
Proof. This is a special case of P. Hall's formula and is easily proved by using the identity xy ¼ yx½x; y. & Theorem 2.6. Let G be a finite metabelian p-group with a non-cyclic abelian second centre Z 2 ðGÞ. 3. An application. In this section we classify the finite 3-generator p-groups G that are C -groups with the following properties:
(i) Z 2 ðGÞ is abelian and non-cyclic,
There is one family of such groups consisting of four non-isomorphic groups. We also give an example of a 2-group with abelian non-cyclic second centre and arbitrarily large nilpotency class that is a C -group.
From now on G will stand for a finite p-group in C satisfying the conditions (i)-(iii). where n 2 f0; 1; 2g.
We are now able to write down a single presentation for G in both cases. On the other hand by using GAP [4] , one can easily check that each group Gðm; nÞ is a C -group of order 3 7 and that Gð0; 0Þ; Gð0; 1Þ; Gð0; 2Þ and Gð1; 1Þ are the only nonisomorphic groups among the groups Gðm; nÞ where m; n 2 f0; 1; 2g, as required. & Deaconescu and Silberberg [1] have proved that a finite p-group with nonabelian or cyclic second centre is a C -group if and only if G ffi Q 2 n for some n. It seems reasonable to ask whether there are finite 2-groups with non-cyclic abelian second centre that are C -groups. The following example shows that given any positive integer m ! 3, there exists a finite 2-group G with non-cyclic abelian second centre that is a C -group of class m.
Example. Let n be a positive integer, and let
It is easy to check that the following relations hold in G n :
½a; b b ¼ ½a; b À1 ; ½a; b a ¼ a À4 ½a; b À1 ; ½a 2 ; ½a; b ¼ 1:
Taking x ¼ a 2 ; y ¼ ½a; b, and L ¼< x; y >, we observe that L is an abelian subgroup of G n with jG n : Lj ¼ 4. Using the procedure described in [3] , a presentation on the generators x and y is obtained for L as follows:
Hence G n is of order 2 2nþ3 , jaj ¼ 2 nþ2 and jbj ¼ 4. Next we put H ¼< a 4 ; ½a; b > and see that H is an abelian normal subgroup of G n and that jG n : Hj ¼ 8. As G n =H is abelian and jG n =G 0 n j ¼ 8, we have G 0 n ¼ H. Now by considering the normal subgroup K ¼< a 2 > of G n , we find that
